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Abstract
Conformal Ricci and conformal matter collineations for the combination of two perfect fluids in General
Relativity are investigated. We study the existence of timelike and spacelike conformal Ricci and matter
collineations by introducing the kinematical and dynamical properties of such fluids and using the Einstein
field equations. Some recent studies on conformal collineations are extended and new results are found. It
is worth mentioning that we recover all the previous results a special cases.
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1 Introduction
The Einstein field equations (EFEs), whose fundamental constituent is the spacetime metric gab, are highly non-
linear partial differential equations, and therefore it is very difficult to obtain their exact solutions. Symmetries
of the geometrical/physical relevant quantities of the General Relativity (GR) theory are known as collineations.
In general, these can be represented as £ξA = B, where A and B are the geometric/physical objects, ξ is the
vector field generating the symmetry, and £ξ signifies the Lie derivative operator along the vector field ξ.
A one-parameter group of conformal motions generated by a conformal Killing vector (CKV) ξ is defined as
[1]
£ξgab = 2ψgab, (1)
where £ is the Lie derivative operator, ψ = ψ(xa) is a conformal factor. If ψ; ab 6= 0, the CKV is said to be
proper. Otherwise, ξ reduces to the special conformal Killing vector (SCKV) if ψ; ab = 0, but ψ,a 6= 0. Other
subcases are a homothetic vector (HV) if ψ,a = 0 and a Killing vector (KV) if ψ = 0.
Duggal introduced a new symmetry called a Ricci inheritance collineation defined by [2]
£ξRab = αRab, (2)
where α = α(xa) is a scalar function. We shall use the term conformal Ricci collineation (CRC) onward which
reduces to Ricci collineation (RC) for α = 0. Similarly, we can define a matter inheritance collineation or
conformal matter collineation (CMC) by
£ξTab = αTab, (3)
where Tab is the energy-momentum tensor, and this becomes a matter collineation (MC) when α = 0. The
function α is called the inheriting or the conformal factor.
Recently, there has been a keen interest in the study of the CKVs and affine conformal vectors (ACVs) in
a class of fluid spacetimes. Herrera et al. [3] investigated CKVs with anisotropic fluids. Duggal and Sharma [4]
extended this work to the more general case of special ACV. Mason and Maartens [5] studied the kinematics and
dynamics of conformal collineations with the general class of anisotropic fluids and no energy flux. Duggal [2, 6]
discussed curvature inheritance symmetry and timelike CRCs in a perfect fluid spacetime. Yavuz and Yilmaz
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et al. [7, 8] considered inheriting conformal and SCKVs and worked on the curvature inheritance symmetry
in string cosmology. Yilmaz [9] also considered timelike and spacelike collineations in a string cloud. Baysal
et al. [10] worked on spacelike CRCs in models of a string cloud and string fluid stress tensor. Mason and
Tsamparlis [11] investigated spacelike CKVs in a spacelike congruence. Sariddakis and Tsamparlis [12] studied
the applications for spacelike CKVs and matter described either by a perfect fluid or by an anisotropic fluid.
Tsamparlis [13] has discussed the general symmetries of string fluid spacetime. Sharif and Umber [14] have
investigated timelike and spacelike CMCs for specific forms of the energy-momentum tensor. In a very recent
paper, Sharif and Naghmana [15] have explored the spacetimes admitting CRCs and CMCs in anisotropic fluids.
In this paper, we consider timelike and spacelike vectors with CRCs and CMCs for the two perfect fluids.
We shall discuss the conditions imposed in each case. The layout of the paper is the following. In Section 2 we
review the 1+ 1+ 2 decomposition and consider the decomposition of the quantities which will be used in later
sections. Section 3 contains the study of the energy-momentum tensor for the two perfect fluids. We study
collineations of the form ξa = ξua, ξa = ξva, ξa = ξxa and ξa = ξya, where ua, va are the four velocities of
the two perfect fluids and xa, ya are unit vectors in the direction of the two perfect fluids. We do not assume
that the cosmological constant vanishes. In Section 4, we investigate the kinematic conditions for timelike and
spacelike CRCs and CMCs. Section 5 is devoted to deriving the necessary and sufficient conditions for the two
perfect fluid spacetimes which admits CRCs. In Section 6, we derive the necessary and sufficient conditions for
the two perfect fluid spacetimes admitting CMCs. Finally, Section 7 contains a summary and discussion of the
results.
2 Notations and Some General Results
We consider the timelike vectors ua, va and spacelike vectors xa, ya corresponding to the combination of two
perfect fluids satisfying the following relations:
uaua = −1 = v
ava, x
axa = 1 = y
aya,
uava 6= 0 = x
aya, u
axa = 0 = v
axa,
uaya = 0 = v
aya. (4)
The projection tensors corresponding to the vectors ua and va are defined as follows:
h1ab = gab + uaub, h2ab = gab + vavb (5)
which project normal to ua, va and produce the well-known 1 + 3 decomposition of the tensor algebra along
ua, va respectively. The two well-known examples of the 1 + 3 decomposition [16] are
ua;b = σ1ab + ω1ab +
1
3
θh1ab − u˙aub, (6)
va;b = σ2ab + ω2ab +
1
3
θh2ab − v˙avb, (7)
Tab = µ1uaub + µ2vavb + F1h1ab + F2h2ab
+2q1(aub) + π1ab + 2q2(avb) + π2ab. (8)
In this paper we shall use the following notation:
For the fluid 1, when u˙a = ua;bu
b, the notation ua;b means derivative w.r.t. x but for uˆa = ua;bu
b, ua;b denotes
derivative w.r.t. y. Similarly, for the fluid 2, when we use v˙a = va;bv
b, the symbol va;b indicates derivative
w.r.t. y and for vˆa = va;bv
b, va;b means derivative w.r.t. x.
The two pair of vectors ua, xa and va, ya define projection operators as
H1ab = h1ab − xaxb, H2ab = h2ab − yayb (9)
which are normal to both ua, xa and va, ya. These projection operators satisfy the following properties
H1abu
a = 0 = H1abx
a, H1abh
b
1c = H1ac,
Ha1a = 2 = H
a
2a, H2abv
a = 0 = H2aby
a,
H2abh
b
2c = H2ac. (10)
2
The vectors xa;b and ya;b can be decomposed using the same procedure as given in [17]. This gives the following
xa;b = A1ab + x
∗
axb − x˙aub
+ua[x
fuf ;b + (x
f u˙f )ub − (x
fu∗f )xb], (11)
ya;b = A2ab + y
∗
ayb − y˙avb
+va[y
fvf ;b + (y
f v˙f )vb − (y
fv∗f )yb], (12)
where
A1ab = S1ab +R1ab +
1
2
ε1H1ab,
A2ab = S2ab +R2ab +
1
2
ε2H2ab, (13)
and s∗ = s...;ax
a. The notations x;b and y;b in Eqs. (11) and (12) mean derivative w.r.t x and y respectively.
We note that S1ab = S1ba and S
b
b = 0 is the traceless part (shear tensor). Also, R1ab = −R1ba is antisymmetric
part (rotation tensor) and ε1, ε2 are the traces (expansion). The following relations can be found [17]
S1ab = H
c
1aH
d
1bx(c;d) −
1
2
ε1H1ab, (14)
R1ab = H
c
1aH
d
1bx[c;d], ε1 = H
ab
1 xa;b, (15)
S2ab = H
c
2aH
d
2by(c;d) −
1
2
ε2H2ab, (16)
R2ab = H
c
2aH
d
2by[c;d], ε2 = H
ab
2 ya;b. (17)
The bracket terms of ua and va in Eqs. (11) and (12) can be written as
−N1b + 2w1fbx
f +Hf1bx˙f ,
−N2b + 2w2fbx
f +Hf2by˙f , (18)
where N1b, N2b are given by
N1b = H
a
1b(x˙a − ua
∗), N2b = H
a
2b(y˙a − va
∗). (19)
They are called Greenberg vectors [18]. This vector vanishes if and only if the vector fields ua, va, xa, ya
are surface forming, i.e., if and only if £ξx
a = Aua + Bxa. From the kinematic point of view, the vector N1a
vanishes if and only if the vector field xa is frozen along the observer.
Substituting Eq. (18) in Eqs. (11) and (12), it follows that
xa;b = A1ab + x
∗
axb − x˙aub +H
c
1bx˙cua + (2w1tcx
t −N1c)ua, (20)
ya;b = A2ab + y
∗
ayb − y˙aub +H
c
2by˙cva + (2w2tcy
t −N2c)va. (21)
Notice that £ξ means Lie derivative with respect to the vector field ξ, otherwise ξ is used as a scalar.
3 The Two Perfect Fluids
The energy-momentum tensor for a non-interacting combination of two (non-zero) perfect fluids is [19]
Tab = (ρ1 + p1)uaub + (ρ2 + p2)vavb + (p1 + p2)gab, (22)
where p1, p2 are pressures, ρ1, ρ2 are densities, u
a, va are the four-velocities (uaua = −1 = v
ava, u
ava 6= 0)
and xa, ya are unit spacelike vectors normal to the four velocities (uaxa = v
axa = 0 = u
aya = v
aya). The
energy-momentum tensor of the two fluids can also be written as
Tab = ρ1uaub + ρ2vavb + p1h1ab + p2h2ab. (23)
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Comparing Eqs. (8) and (23), we obtain
µ1 = ρ1, µ2 = ρ2, F1 = p1, F2 = p2,
qa1 = 0, q
a
2 = 0, π1ab = 0, π2ab = 0. (24)
This implies that the two perfect fluids is an anisotropic fluid for which heat flux and traceless anisotropic stress
tensor are zero. The EFEs can be written as
Rab = Tab + (Λ −
1
2
T )gab, (25)
where Λ is the cosmological constant. For the two perfect fluids, it takes the form
Rab = (ρ1 + p1)uaub + (ρ2 + p2)vavb +
1
2
(ρ1 + ρ2 − p1 − p2 + 2Λ)gab. (26)
The 1 + 3 decomposition of Rab takes the form
Rab =
1
2
(ρ1 + 3p1 − Λ)uaub +
1
2
(ρ2 + 3p2 − Λ)vavb +
1
2
(ρ1 − p1 + Λ)h1ab
+
1
2
(ρ2 − p2 + Λ)h2ab. (27)
This gives the field equations in terms of the combination of two perfect fluid variables. Using Eq. (27), we find
£ξRab in terms of the two perfect fluids.
1
ξ
£Rab = [
1
2
(ρ1 − ρ2 + 3p1 + p2)˙ + (ρ1 − ρ2 + 3p1 + p2 − 2Λ)(ln ξ)˙]uaub + [(ρ1
−ρ2 + 3p1 + p2 − 2Λ)(u˙c − (ln ξ),c)]u(ah
c
1b) + {
1
2
(ρ1 + ρ2 − p1 − p2)˙h1cd + (ρ1
+ρ2 − p1 − p2 + 2Λ)(σ1cd +
1
3
θ1h1cd))}h
c
1dh
d
1b + (ρ2 + p2)˙vavb + 2(ρ2 + p2)(vfv(au
f
;b)
+v˙(avb) + u
cvcv(a(ln ξ),b)). (28)
Similarly, the Lie derivative of the Ricci tensor along the spacelike vector ξa = ξxa can be written in terms of
the 1 + 1 + 2 dynamic quantities.
1
ξ
£Rab = [
1
2
(ρ1 − ρ2 + 3p1 + p2)
∗
+ (ρ1 − ρ2 + 3p1 + p2 − 2Λ)u˙
fxf ]uaub + 2[
1
2
(ρ1 + ρ2
−p1 − p2 + 2Λ)u
∗
fx
f −
1
2
(ρ1 + ρ2 − p1 − p2 + 2Λ)(ln ξ)˙]u(axb) − 2[
1
2
(ρ1 + ρ2 − p1 − p2
+2Λ)N1d + (ρ1 − ρ2 + 3p1 + p2 − 2Λ)ω1cdx
c]u(aH
d
1b) + [
1
2
(ρ1 + ρ2 + p1 − p2)
∗
+ (ρ1 + ρ2
−p1 − p2 − 2Λ)× (ln ξ)
∗]xaxb + 2[
1
2
(ρ1 + ρ2 − p1 − p2)×H1cdx
∗c +
1
2
(ρ1 + ρ2 − p1 − p2
−2Λ)×Hf1d(ln ξ),f ]x(aH
d
1b) + [
1
2
[(ρ1 + ρ2 − p1 − p2)
∗
H1cd + (ρ1 + ρ2 − p1 − p2 + 2Λ)
×(S1cd +
1
2
ε1H1cd)]H
c
1aH
d
1b + (ρ2 + p2)
∗
× vavb + 2(ρ2 + p2)[v
∗
(avb) + vfv(ax
f
;b)]. (29)
Expressions (28) and (29) are general and hold for all collineations and any two perfect fluids. Similarly, we
can write expressions for the second timelike and spacelike vectors.
The conservation equations for the two perfect fluids are (there arise the following two cases)
Case (i):
ρ˙1 + (ρ1 + p1)θ1 − (ρ2 + p2)u
avˆa − p˙2 − (ρ2 + p2)ˆuav
a − (ρ2 + p2)uav
aτ1 = 0, (30)
(ρ1 + p1)u˙
c + (ρ2 + p2)ˆ(v
c + uavauc) + (ρ2 + p2)(vˆ
c + vˆfufu
c + uav
aτ1uc)
+(ρ2 + p2)τ2v
c + hcf1 (p1 + p2);f = 0. (31)
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Project the second equation along xc and with Ha1c, we get the two equations
p∗1 + p
∗
2 + (ρ1 + p1)xf u˙
f + (ρ2 + p2)× xf vˆ
f = 0, (32)
Ha1c[(ρ1 + p1)u˙c + ((ρ2 + p2)ˆvc + (ρ2 + p2)τ2)vc + (ρ2 + p2)vˆc + h
a
1c(p1 + p2);a] = 0. (33)
Case (ii):
ρ˙2 + (ρ2 + p2)θ2 − (ρ1 + p1)v
auˆa − (ρ1 + p1)ˆuav
a − (ρ1 + p1)uav
aτ2 − p˙1 = 0, (34)
(ρ2 + p2)v˙
c + (ρ1 + p1)ˆ(u
c + uavavc) + (ρ1 + p1)(uˆ
c + uˆfvfv
c + uav
aτ2vc)
+(ρ1 + p1)τ1u
c + hcf2 (p1 + p2);f = 0. (35)
Project the second equation along yc and with Ha2c, the equations are
p∗1 + p
∗
2 + (ρ2 + p2)yf v˙
f + (ρ1 + p1)yf vˆ
f = 0, (36)
Ha1c[(ρ2 + p2)v˙c + ((ρ1 + p1)ˆuc + (ρ1 + p1)uˆc + (ρ1 + p1)τ1)uc + (ρ1 + p1)uˆc + h
a
2c(p1 + p2);a] = 0. (37)
4 Kinematic Conditions for the Two Perfect Fluids
Kinematics and dynamics in GR are clearly defined by considering the kinematical and dynamical variables, and
the identities and the constraints they have to satisfy. Symmetries are an important form of constraints which
restrict a physical system. These restrictions are expressed as relations among the parameters specifying the state
of the system. Collineations restrict the system by the two levels, i.e., at the kinematical level (relations among
the kinematic and the geometric variables only) and at the dynamical level (relations among the kinematic and
the dynamical variables). Here we use kinematic restrictions coming from a general collineation, in particular,
from a CRC. Since collineations are defined in terms of the Lie derivative of the metric tensor gab and its
derivatives, all types of collineations can be expressed by the quantity £ξgab. We define the decomposition as
[13]
£ξgab = 2ψgab + 2Pab, (38)
where ψ(xa) is a function (the conformal factor) and Pab(x
a) is a symmetric traceless tensor. This implies that
every collineation can be expressed in terms of ψ(xa), Pab(x
a) and their derivatives. For Pab = 0, this gives
a CKV; ψ;a = 0 = Pab;c yields an affine collineation, etc. The kinematic conditions of a general collineation
are relations among the kinematic quantities (shear, rotation, expansion) of the vector field involved and the
parameters ψ(xa), Pab(x
a).
4.1 Timelike Collineation
There arise the following two cases:
(i) ξa = ξua, (ii) ξa = ξva, (ξ 6= 0).
Case (i): For this case, Eq. (38) can be written in the form
ξa;b + ξb;a = 2ψgab + 2Pab, (39)
where
ψ =
ξ
4
[(ln ξ)˙ + θ1], (40)
Pab = ξ[σ1ab +
1
3
θ1h1ab − uˆ(aub) + (ln ξ),(aub) −
1
4
{(ln ξ)˙ + θ1}gab]. (41)
We 1 + 3 decompose Pab w.r.t. the timelike vector u
a in the following
Pab =
ξ
4
[θ1 − 3(ln ξ)˙]uaub − ξ[u˙c − h
d
1c(ln ξ),d]× h
c
1(aub) +
1
12
ξ[θ1 − 3(ln ξ)˙]h1ab + ξσ1ab. (42)
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If we take
µ1P =
ξ
4
[θ1 − 3(ln ξ)˙], (43)
L1P =
1
12
ξ[θ1 − 3(ln ξ)˙], (44)
Υ1P = ξ[u˙c − h
d
1c(ln ξ),d], (45)
MP1ab = σ1ab (46)
then Eq. (42) can take the following form
Pab = µ1Puaub + L1Ph1ab − 2Υ1P(aub) + ξM1Pab . (47)
We express these equations as conditions among the kinematic variables of the timelike congruence ua, which
gives a system of equations called the kinematic conditions of the collineations.
Case (ii): In this case, we 1 + 3 decompose the traceless tensor Pab w.r.t. the timelike vector v
a. Using the
same procedure as above, it follows that
Pab = µ2P vavb + L2Ph2ab − 2Υ2P(avb) + ξM2Pab , (48)
where
µ2P =
ξ
4
[θ2 − 3(ln ξ)˙], (49)
L2P =
1
12
ξ[θ2 − 3(ln ξ)˙], (50)
Υ2P = ξ[v˙c − h
d
2c(ln ξ),d], (51)
MP1ab = σ2ab. (52)
The kinematic conditions for a CRC involve the second derivatives of the quantities ψ, Pab. We evaluate these
conditions by taking a general vector field ξa with the identities
£ξRab = (£ξΓ
c
ab);c − (£ξΓ
c
ac);b, (53)
£ξΓ
a
bc =
1
2
gad{(£ξgbd);c + (£ξgcd);b − (£ξgbc);d}. (54)
Using Eqs. (38), (53), (54), the following general result for any vector ξa can be verified.
Proposition 1: A fluid spacetime ua admits a CRC ξa if and only if
△ψ =
1
3
(P ab;ab − aR), (55)
△Pab = 2Kab − 2Aab − 2aZab, (56)
where R is the Ricci scalar and
Kab = P
c
(a;b)c −
1
4
gabP
ab
;ab, Aab = ψ;ab −
1
4
gab∆ψ,
Zab = Rab −
1
4
gabR, (57)
which is a geometric result. The kinematic conditions can be obtained by replacing ψ, Pab from Eqs. (40), (41)
in terms of the kinematic variables. The resulting expressions will become very tedious and hence will not be
given here. These are the constraints satisfied by any solution.
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4.2 Spacelike Collineation
The kinematic restrictions in this case involve all the nine quantities, i.e.,
σ1ab, ω1ab, θ1, u˙a, S1ab, R1ab, ε1, x˙a, u
∗
a,
σ2ab, ω2ab, θ2, v˙a, S2ab, R2ab, ε2, y˙a, v
∗
a,
plus the parameters ψ, Pab and their derivatives. Again we have two cases according to
(i) ξa = ξxa, (ii) ξa = ξya.
Case (i): We make the 1 + 1 + 2 decomposition of Pab by considering Eq. (38) and contract with
uaub, uaxb, xaxb, Hb1cu
a, Hb1cx
a, H1ab,
Ha1cH
b
1d −
1
2
Hab1 H1cd,
it turns out that
ψ =
ξ
4
[ε1 + (ln ξ)
∗
− x˙cuc], (58)
λ1P = Pabu
aub =
ξ
4
[ε1 + (ln ξ)
∗
+ 3x˙cuc], (59)
2K1p = −2Pabu
axb = −ξ[(ln ξ)˙ + x∗cuc], (60)
γ1P = Pabx
axb = −
ξ
4
[ε1 − 3(ln ξ)
∗
− x˙cuc], (61)
2S1Pc = −2PabH
b
1cu
a = −ξ[N1c − 2w1tcx
t], (62)
2̺1Pc = 2PabH
b
1cu
a = ξHb1c[(ln ξ),b + xb
∗], (63)
a1P = PabH
ab
1 =
ξ
2
[ε1 − (ln ξ)
∗
+ x˙cuc], (64)
D1Pab = ξS1ab = (H
a
1cH
b
1d −
1
2
Hab1 H1cd)Pab. (65)
Thus the 1 + 1 + 2 decomposition of Pab is given by
Pab = λ1Puaub + 2K1Pu(axb) + 2S1P (aub) + γ1Pxaxb + 2̺1P(axb) +
1
2
a1PH1ab +D1Pab . (66)
The property P aa = 0 implies that
a1P − λ1P + γ1P = 0. (67)
Case (ii): The 1 + 1 + 2 decomposition in this case can be obtained by contracting Eq. (38) with
vavb, vayb, yayb, Hb2cv
a, Hb2cy
a,
Ha2cH
b
2d −
1
2
Hab2 H2cd.
It follows that
ψ =
ξ
4
[ε2 + (ln ξ)
∗
− y˙cvc], (68)
λ2P = Pabv
avb =
ξ
4
[ε2 + (ln ξ)
∗
+ 3y˙cvc], (69)
2K2p = 2Pabv
ayb = ξ[(ln ξ)˙ + yc∗vc], (70)
γ2P = Paby
ayb = −
ξ
4
[ε2 − 3(ln ξ)
∗
− y˙cvc], (71)
2S2pc = −2PabH
b
2cv
a = −ξ[N2c − 2w2tcy
t], (72)
2̺2Pc = 2PabH
b
2cv
a = ξHb2c[(ln ξ),b + yb
∗], (73)
a2p = PabH
ab
2 =
ξ
2
[ε2 − (ln ξ)
∗
+ y˙cvc], (74)
D2Pab = ξS2ab = (H
a
2cH
b
2d −
1
2
Hab2 H2cd)Pab. (75)
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The 1 + 1 + 2 decomposition of Pab turns out to be
Pab = λ2P vavb + 2K2Pv(ayb) + 2S2p(avb) + γ2P yayb + 2̺P2(ayb) +
1
2
a2PHab +D2Pab . (76)
From P aa = 0, we have
a2P − λ2P + γ2P = 0. (77)
5 Conformal Ricci Collineations for the Two Perfect Fluids
In this section we shall discuss the existence of timelike and spacelike CRCs for the two perfect fluids.
5.1 Timelike Conformal Ricci Collineations
We shall give the necessary and sufficient conditions for the timelike CRCs of the two perfect fluids for the
following two cases:
(i) ξa = ξua, (ii) ξa = ξva.
From Eq. (26), we have the 1 + 3 decomposition of the Ricci tensor and hence CRC gives the condition
£ξRab = α[
1
2
(ρ1 + 3p1 − Λ)uaub +
1
2
(ρ2 + 3p2 − Λ)vavb +
1
2
(ρ1 − p1 + Λ)h1ab
+
1
2
(ρ2 − p2 + Λ)h2ab], (78)
and the corresponding 1+ 3 expression of £ξRab is given in Eq. (28). Equating these two expressions and after
some calculation we find the following results.
Proposition 2: A two perfect fluid spacetime admits a CRC ξa = ξua if and only if
ρ˙1 = p˙2 + (ρ2 + p2)(vˆ
aua + uav
aτ2)− (ρ1 + p1)θ1 + (ρˆ2 + pˆ2)uav
a, (79)
p˙1 =
1
3
ρ˙2 −
2
3
p˙2 + (ρ2 + p2)(vˆ
aua + vau
aτ2) + (ρˆ2 + pˆ2)u
ava +
1
3
(2ρ2 − ρ1 − 5p1
−2p2 + 4Λ)θ1 +
2
3
(ρ2 + p2)˙u
avau
bvb +
4
3
(ρ2 + p2)× (v˙au
avbu
b + uava(ln ξ)ˆ
+uavau
bvb(ln ξ)˙ + vauˆ
a + vau˙
avbu
b)−
β
3
(3ρ1 + ρ2 − 3p1 − 5p2 + 6Λ + 2(ρ2 + p2)vau
avbu
b), (80)
(ρ1 − ρ2 + 3p1 + p2 − 2Λ)[u˙a − (ln ξ),a − (ln ξ)˙ua] + 2(ρ2 + p2)˙(u
cvcva + u
cvcu
dvdua)
+2(ρ2 + p2)(v˙cu
cva + 2v˙cu
cvdu
dua + vcu
cv˙a + ucv
cudvd(ln ξ),a + 2ucv
cudvd(ln ξ)˙ua
+ucvc(ln ξ)˙va + vcu
cvdu
d
;a + 2vcu˙
cvdu
dua + vcu˙
cva) = β(ρ2 + p2)(vcu
cva + vcu
cvdu
dua), (81)
(ρ2 − ρ1 − 3p1 − p2 + 2Λ)[θ1 − (ln ξ)˙] + 2(ρˆ2 + pˆ2)u
cvc + 2(ρ2 + p2)(vˆ
aua + uav
aτ2
+vauˆ
a + vau
a(ln ξ)˙) + 2(ρ2 + p2)˙uav
aubv
b + 4(ρ2 + p2)(v˙au
avbu
b + vau
avbu
b(ln ξ)˙ + vau˙
avbu
b)
= 2β(ρ1 − p2 + Λ+ (ρ2 + p2)vau
avbu
b), (82)
(ρ2 + p2)˙(vavb + 2vcu
cu(avb) + vcu
cvdu
duaub +
1
3
h1ab −
1
3
h1abvcu
cvdu
d) + (ρ1 + ρ2 − p1
−p2 + 2Λ)σ1ab + 2(ρ2 + p2)[v˙(avb) + v˙cu
cv(aub) + v˙cu
cvdu
duaub + v˙(aub)vcu
c −
1
3
h1abv˙cu
cvdu
d
+vcv(au
c
;b) + vcu
cvdu
d
;(aub) + vcu˙
cv(aub) + vcu˙
cvdu
duaub −
1
3
h1ab(vcuˆ
c + vcu˙
cvdu
d)
+ucvcv(a(ln ξ),b) + u
cvc(ln ξ)˙v(aub) + vcu
cvdu
du(a(ln ξ),b) + vcu
cvdu
d(ln ξ)˙uaub
−
1
3
h1ab(vcu
c(ln ξ)ˆ + vcu
cvdu
d(ln ξ)˙)] = β(ρ2 + p2)(vavb + 2vcu
cu(avb) + vcu
cvdu
duaub
+
1
3
h1ab −
1
3
h1abvcu
cvdu
d). (83)
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If we take α = 0 in the above relations we find the results for a RC. Using 1 + 3 decomposition of the tensor
Pab, given in Eqs. (43)–(46), the above system of equations can be written as follows:
ρ˙1 = p˙2 + (ρ2 + p2)(vˆ
aua + uav
aτ2)− (ρ1 + p1)θ1 + (ρ2 + p2)ˆuav
a, (84)
p˙1 =
1
3
ρ˙2 −
2
3
p˙2 + (ρ2 + p2)(vˆ
aua + vau
aτ2) + (ρ2 + p2)ˆu
ava +
1
3
(2ρ2 − ρ1 − 5p1 − 2p2
+4Λ)θ1 +
2
3
(ρ2 + p2)˙u
avau
bvb +
4
3
(ρ2 + p2)× (v˙au
avbu
b + uava(ln ξ)ˆ + u
avau
bvb(
1
3
θ1
−
4
3ξ
µ1P ) + vauˆ
a + vau˙
avbu
b)−
β
3
(3ρ1 + ρ2 − 3p1 − 5p2 + 6Λ + 2(ρ2 + p2)uav
aubv
b), (85)
1
ξ
(ρ1 − ρ2 + 3p1 + p2 − 2Λ)Υ1Pa + 2(ρ2 + p2)˙× (u
cvcva + u
cvcu
dvdua) + 2(ρ2 + p2)(v˙cu
cva
+2v˙cu
cvdu
dua + ucv
cudvd(ln ξ),a + 2ucv
cudvdua × (
1
3
θ1 −
4
3ξ
µ1P ) + u
cvcva(
1
3
θ1 −
4
3ξ
µ1P )
+vcu
cvdu
d
;a + 2vcu˙
cvdu
dua) + vcu˙
cva + vcu
cv˙a = β(ρ2 + p2)(vcu
cva + vcu
cvdu
dua), (86)
1
3
(ρ2 − ρ1 − 3p1 − p2 + 2Λ)(θ1 +
2
ξ
µ1P ) + (ρ2 + p2)ˆu
cvc + (ρ2 + p2)(vˆ
aua + uav
aτ2 + vauˆ
a
+vau
a(
1
3
θ1 −
4
3ξ
µ1P )) + (ρ2 + p2)˙uav
aubv
b + 2(ρ2 + p2)(v˙au
avbu
b + vau
avbu
b(
1
3
θ1 −
4
3ξ
µ1P )
+vau˙
avbu
b) = β(ρ1 − p2 + Λ+ (ρ2 + p2)vau
avbu
b), (87)
(ρ2 + p2)˙(vavb + 2vcu
cu(avb) + vcu
cvdu
duaub +
1
3
h1ab −
1
3
h1abvcu
cvdu
d) + (ρ1 + ρ2 − p1 − p2
+2Λ)M1Pab + 2(ρ2 + p2)[v˙(avb) + v˙cu
cv(aub) + v˙cu
cvdu
duaub + v˙(aub)vcu
c −
1
3
h1abv˙cu
cvdu
d
+vcv(au
c
;b) + vcu
cvdu
d
;(aub) + vcu˙
cv(aub) + vcu˙
cvdu
duaub −
1
3
h1ab(vcuˆ
c + vcu˙
cvdu
d) + ucvcv(a(ln ξ),b)
+ucvc(
1
3
θ1 −
4
3ξ
µ1P )v(aub) + vcu
cvdu
du(a(ln ξ),b) + vcu
cvdu
d(
1
3
θ1 −
4
3ξ
µ1P )uaub −
1
3
h1ab(vcu
c(ln ξ)ˆ
+vcu
cvdu
d(
1
3
θ1 −
4
3ξ
µ1P ))] = β(ρ2 + p2)(vavb + 2vcu
cu(avb) + vcu
cvdu
duaub +
1
3
h1ab
−
1
3
h1abvcu
cvdu
d). (88)
These are the necessary and sufficient conditions for a CRC in the form of kinematical quantities.
Proposition 3: A two perfect fluid spacetime admits a CRC ξa = ξva if and only if
ρ˙2 = p˙1 + (ρ1 + p1)(uˆ
ava + uav
aτ1)− (ρ2 + p2)θ2 + (ρ1 + p1)ˆuav
a, (89)
p˙2 =
1
3
ρ˙1 −
2
3
p˙1 + (ρ1 + p1)× (v
auˆa + vau
aτ1) + (ρ1 + p1)ˆu
ava +
1
3
(2ρ1 − ρ2
−2p1 − 5p2 + 4Λ)θ2 +
2
3
(ρ1 + p1)˙u
avau
bvb +
4
3
(ρ1 + p1)(u˙av
avbu
b + uava(ln ξ)ˆ
+uavau
bvb(ln ξ)˙ + uavˆ
a + uav˙
avbu
b)−
β
3
(ρ1 + 3ρ2 − 5p1 − 3p2 + 6Λ+ 2(ρ2 + p2)vau
avbu
b), (90)
(ρ2 − ρ1 + p1 + 3p2 − 2Λ)[v˙a − (ln ξ),a − (ln ξ)˙va] + 2(ρ1 + p1)˙(u
cvcua + u
cvcu
dvdva)
+2(ρ1 + p1)(u˙cv
cua + 2u˙cv
cvdu
dva + vcu
cu˙a + ucv
cudvd(ln ξ),a + 2ucv
cudvd(ln ξ)˙va
+ucvc(ln ξ)˙ua + vcu
cudv
d
;a + 2ucv˙
cvdu
dva + ucv˙
cua) = β(ρ1 + p1)(vcu
cua + vcu
cvdu
dva), (91)
(ρ1 − ρ2 − p1 − 3p2 + 2Λ)[θ2 − (ln ξ)˙] + 2(ρ1 + p1)ˆu
cvc + 2(ρ1 + p1)(uˆ
ava + uav
aτ1
+uavˆ
a + vau
a(ln ξ)˙) + 2(ρ1 + p1)˙uav
aubv
b + 4(ρ1 + p1)(u˙av
avbu
b + vau
avbu
b(ln ξ)˙
+uav˙
avbu
b) = 2β(ρ2 − p1 + Λ + (ρ1 + p1)vau
avbu
b), (92)
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(ρ1 + p1)˙(uaub + 2vcu
cu(avb) + vcu
cvdu
dvavb +
1
3
h2ab −
1
3
h2abvcu
cvdu
d) + (ρ1 + ρ2 − p1 − p2
+2Λ)σ2ab + 2(ρ1 + p1)[u˙(aub) + u˙cv
cv(aub) + u˙cv
cvdu
dvavb + u˙(avb)vcu
c −
1
3
h2abu˙cv
cvdu
d
+ucu(av
c
;b) + vcu
cudv
d
;(avb) + ucv˙
cv(aub) + ucv˙
cvdu
dvavb −
1
3
h2ab(ucvˆ
c + ucv˙
cvdu
d)
+ucvcu(a(ln ξ),b) + u
cvc(ln ξ)˙v(aub) + vcu
cvdu
dv(a(ln ξ),b) + vcu
cvdu
d(ln ξ)˙vavb
−
1
3
h2ab(vcu
c(ln ξ)ˆ + vcu
cvdu
d(ln ξ)˙)] = β(ρ1 + p1)(uaub + 2vcu
cu(avb) + vcu
cvdu
dvavb
+
1
3
h2ab −
1
3
h2abvcu
cvdu
d). (93)
Using the kinematical conditions for the timelike case, i.e., Eqs. (49)–(52) in Eqs. (89)–(92), we can obtain an
expression of the above equations in terms of Pab.
5.2 Spacelike Conformal Ricci Collineations
In this case we use the 1 + 1 + 2 decomposition of the Ricci tensor given in Eq. (26) and the corresponding
1 + 1 + 2 expression of £ξRab given in Eq. (29). Equating these two expressions we find the following results
corresponding to the following two cases:
(i) ξa = ξxa, (ii) ξa = ξya.
Proposition 4: A two perfect fluid spacetime admits CRC ξa = ξxa if and only if
2ρ∗1 − p
∗
2 + ρ
∗
2 + (ρ1 − ρ2 + 3p1 + p2 + 2Λ)u˙
axa + 3(ρ1 + ρ2 − p1 − p2 + 2Λ)(lnξ)
∗
+(ρ2 + p2)
∗uav
aubv
b + 2(ρ2 + p2)(v
∗
au
avbu
b − xav˙
avbu
b) = β(2ρ1 + ρ2 − p2 + 2Λ)
+(ρ2 + p2)uav
aubv
b), (94)
(ρ1 + ρ2 − p1 − p2 + 2Λ)[x
∗
a + (ln ξ),a − (lnξ)
∗xa] = 0, (95)
(ρ1 + ρ2 − p1 − p2 + 2Λ)(2u˙
axa + ε1) + p
∗
2 + ρ
∗
2 + 2(ρ2 + p2)vˆ
axa − (ρ2 + p2)
∗uav
aubv
b
−2(ρ2 + p2)
∗v∗au
avbu
b + 2(ρ2 + p2)xav˙
aubvb = β(ρ2 − 4p1 − 3p2 + 4Λ− (ρ2 + p2)uav
aubv
b), (96)
(ρ2 + p2)(v
∗
cu
cva + 2v
∗
bu
bvcu
cua + v
∗
au
cvc)− (ρ2 + p2)(xcv˙
cva + 2xbv˙
bvcu
cua + vbu
bxcv
c
;a)
+2(ρ1 − ρ2 + 3p1 + p2 − 2Λ)ω1afx
f + (ρ1 + ρ2 − p1 − p2 + 2Λ)N1a + (ρ2 + p2)
∗(ucvcva
+ucvcu
dvdua) = β(ρ2 + p2)(vcu
cva + vbu
bvcu
cua), (97)
(p2 + ρ2)
∗ + 2(ρ1 + ρ2 − p1 − p2 + 2Λ)(lnξ)
∗ + 2(ρ2 + p2)xavˆ
a − (ρ1 + ρ2 − p1 − p2 + 2Λ)ε1
−(ρ2 + p2)
∗vau
avbu
b − 2(ρ2 + p2)v
∗
au
avbu
b + 2(ρ2 + p2)vau
av˙bxb = β(p2 + ρ2 − (ρ2 + p2)
vau
avbu
b), (98)
(ρ2 + p2)
∗(vavb + 2vcu
cv(aub) + vcu
cvdu
duaub +
1
2
H1ab −
1
2
H1abvcu
cvdu
d) + 2(ρ1 + ρ2 − p1
−p2 + 2Λ)S1ab + 2(ρ2 + p2)(v
∗
(avb) + v
∗
cu
cv(aub) + vcu
cv∗(aub) + v
∗
cu
cvdu
duaub −H1abv
∗
cu
cvdu
d
−xcv(av
c
;b) − vcu
cxdu(av
d
;b) − xcv˙
cv(aub) − xcv˙
cvdu
duaub +
1
2
H1ab(xcvˆ
c + xcv˙
cvdu
d)
= β(ρ2 + p2)(vavb + 2vcu
cv(aub) + vcu
cvdu
duaub +
1
2
H1ab −
1
2
H1abvcu
cvdu
d), (99)
ρ˙1 + (ρ1 + p1)θ1 − (ρ2 + p2)(v
auˆa + vau
aτ2)− (ρ2 + p2)ˆvau
a − p˙2 = 0, (100)
p∗1 + p
∗
2 + (ρ1 + p1)u˙cx
c + (ρ2 + p2)vˆcx
c = 0, (101)
Hc1a[(ρ1 + p1)u˙c + (ρˆ2 + pˆ2 + (ρ2 + p2)τ2)vc + (ρ2 + p2)vˆc + h
b
1c(p1 + p2);b] = 0. (102)
We can use the 1 + 1 + 2 decomposition of the tensor Pab given in Eqs. (58)–(65) to write these equations in
terms of the irreducible parts of Pab.
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Proposition 5: A two perfect fluid spacetime admits a CRC ξa = ξya if and only if
2ρ∗2 − p
∗
1 + ρ
∗
1 + (ρ2 − ρ1 + p1 + 3p2 + 2Λ)v˙
cyc + 3(ρ1 + ρ2 − p1 − p2 + 2Λ)(lnξ)
∗
+(ρ1 + p1)
∗uav
aubv
b + 2(ρ1 + p1)(u
∗
av
avbu
b − yau˙
avbu
b) = β(ρ1 + 2ρ2 − p1 + 2Λ
+(ρ1 + p1)uav
aubv
b), (103)
(ρ1 + ρ2 − p1 − p2 + 2Λ)[y
∗
a + (ln ξ),a − (lnξ)
∗ya] = 0, (104)
(ρ1 + ρ2 − p1 − p2 + 2Λ)(2v˙
aya + ε2) + p
∗
1 + ρ
∗
1 + 2(ρ1 + p1)uˆ
aya − (ρ2 + p2)
∗uav
aubv
b
−2(ρ1 + p1)
∗u∗av
avbu
b + 2(ρ1 + p1)yau˙
aubvb = β(ρ1 − 4p2 − 3p1 + 4Λ− (ρ1 + p1)uav
aubv
b), (105)
(ρ1 + p1)(u
∗
cv
cua + 2u
∗
bv
bvcu
cva + u
∗
av
cuc)− (ρ1 + p1)(ycu˙
cua + 2ybu˙
bvcu
cva + vbu
bycu
c
;a)
+2(ρ2 − ρ1 + p1 + 3p2 − 2Λ)ω2afy
f + (ρ1 + ρ2 − p1 − p2 + 2Λ)N2a + (ρ1 + p1)
∗(ucvcua
+ucvcu
dvdva) = β(ρ1 + p1)(vcu
cua + vbu
bvcu
cva), (106)
(p1 + ρ1)
∗ + 2(ρ1 + ρ2 − p1 − p2 + 2Λ)(lnξ)
∗ + 2(ρ1 + p1)yauˆ
a − (ρ1 + ρ2 − p1 − p2 + 2Λ)ε2
−(ρ1 + p1)
∗vau
avbu
b − 2(ρ1 + p1)u
∗
av
avbu
b + 2(ρ1 + p1)vau
au˙byb = β(p1 + ρ1 −
(ρ1 + p1)vau
avbu
b), (107)
(ρ1 + p1)
∗(uaub + 2vcu
cv(aub) + vcu
cvdu
dvavb +
1
2
H2ab −
1
2
H2abvcu
cvdu
d) + 2(ρ1 + ρ2 − p1
−p2 + 2Λ)S2ab + 2(ρ1 + p1)(u
∗
(aub) + u
∗
cv
cv(aub) + vcu
cu∗(avb) + u
∗
cv
cvdu
dvavb −H2abu
∗
cv
cvdu
d
−ycu˙
cvdu
dvavb − ycu(au
c
;b) − vcu
cydv(au
d
;b) − ycu˙
cv(aub) +
1
2
H2ab(ycuˆ
c + ycu˙
cvdu
d) = β(ρ1 + p1)
(uaub + 2vcu
cv(aub) + vcu
cvdu
dvavb +
1
2
H2ab −
1
2
H2abvcu
cvdu
d), (108)
ρ˙2 + (ρ2 + p2)θ2 − (ρ1 + p1)(u
avˆa + vau
aτ1)− (ρ1 + p1)ˆvau
a − p˙1 = 0, (109)
p∗1 + p
∗
2 + (ρ2 + p2)v˙cy
c + (ρ1 + p1)uˆcy
c = 0, (110)
Hc2a[(ρ2 + p2)v˙c + (ρˆ1 + pˆ1 + (ρ1 + p1)τ1)uc + (ρ1 + p1)uˆc + h
b
2c(p1 + p2);b] = 0. (111)
We can use the 1 + 1 + 2 decomposition of the tensor Pab given in Eqs. (68)–(75) to write these equations in
terms of the irreducible parts of Pab.
6 Conformal Matter Collineations
6.1 Timelike Conformal Matter Collineations
Here we give the necessary and sufficient conditions for the timelike CMCs of the two perfect fluids for the
following cases:
(i) ξa = ξua, (ii) ξa = ξva.
Proposition 6: A two perfect fluid admits a CMC ξa = ξua if and only if
(p2 − ρ1)[u˙a − (lnξ),a − ua(ln ξ)˙] + (ρ2 + p2)˙(u
cvcu
dvdua + u
cvcva) + (ρ2 + p2)(v˙cu
cva
+2v˙cu
cudvdua + u
cvcv˙a + vcu˙
cva + vcu
cvdu
d
;a + 2u˙cv
cudvdua + 2(ln ξ)˙vcu
cudvdua
+(ln ξ)˙vau
cvc + ucv
cudv
d(ln ξ),a) = β(ρ2 + p2)(vcu
cva + vcu
cvdu
dua), (112)
p˙1 +
2
3
p˙2 −
1
3
ρ˙2 +
2
3
(p1 + p2)θ1 +
1
3
(ρ2 + p2)˙vau
avbu
b +
2
3
(ρ2 + p2)(vauˆ
a + v˙au
avbu
b
+vau˙
avbu
b + uava(ln ξ)ˆ + uav
avbu
b(ln ξ)˙) = β(p1 +
2
3
p2 −
1
3
ρ2 +
1
3
(ρ2 + p2)uav
aubv
b), (113)
2(ρ1 − p2)(ln ξ)˙− (ρ1 + p1)θ1 + (ρ2 + p2)(u
avˆa + uav
aτ1 + 2v˙au
avbu
b + 2uavau
bvb(ln ξ)˙
+2vau˙
avbu
b) + (ρ2 + p2)˙u
avau
bvb + (ρ2 + p2)ˆv
aua = β(ρ1 − p2 + (ρ2 + p2)u
avau
bvb), (114)
11
(ρ2 + p2)˙(vavb + 2vcu
cu(avb) + vcu
cvdu
duaub +
1
3
h1ab −
1
3
h1abvcu
cvdu
d) + 2(p1 + p2)σ1ab
+2(ρ2 + p2)[v˙(avb) + v˙cu
cv(aub) + v˙(aub)vcu
c + v˙cu
cvdu
duaub −
1
3
h1abv˙cu
cvdu
d + vcv(au
c
;b)
+vcu
cvdu
d
;(aub) + vcu˙
cv(aub) + vcu˙
cvdu
duaub −
1
3
h1ab(vcuˆ
c + vcu˙
cvdu
d) + ucvcv(a(ln ξ),b)
+ucvc(ln ξ)˙v(aub) + vcu
cvdu
du(a(ln ξ),b) + vcu
cvdu
d(ln ξ)˙uaub −
1
3
h1ab(vcu
c(ln ξ)ˆ
+vcu
cvdu
d(ln ξ)˙)] = β(ρ2 + p2)(vavb + 2vcu
cu(avb) + vcu
cvdu
duaub
+
1
3
h1ab −
1
3
h1abvcu
cvdu
d). (115)
The energy conservation equation (46) remains the same
ρ˙1 + (ρ1 + p1)θ1 − (ρ2 + p2)u
avˆa − p˙2 − (ρ2 + p2)ˆv
aua − (ρ2 + p2)uav
aτ1 = 0. (116)
If we take α = 0 in the above relations we get result for the matter collineation. We can use the 1 + 3
decomposition of the tensor Pab given in Eq. (43)–(46) to write these equations in terms of irreducible parts of
Pab.
Proposition 7: A two perfect fluid solution admits a CMC ξa = ξva if and only if
ρ˙2 + (ρ2 + p2)θ2 − (ρ1 + p1)v
auˆa − p˙1 − (ρ1 + p1)ˆv
aua − (ρ1 + p1)uav
aτ2 = 0, (117)
(p1 − ρ2)[v˙a − (ln ξ),a − va(ln ξ)˙] + (ρ1 + p1)˙(u
cvcu
dvdva + u
cvcua) + (ρ1 + p1)
×(u˙cv
cva + 2u˙cv
cudvdva + u
cvcu˙a + ucv˙
cua + vcu
cudv
d
;a + 2v˙cu
cudvdva + 2(ln ξ)˙
vcu
cudvdva + (ln ξ)˙vau
cuc + ucv
cudv
d(ln ξ),a) = β(ρ1 + p1)× (vcu
cua + vcu
cvdu
dva), (118)
p˙2 +
2
3
p˙1 −
1
3
ρ˙1 +
2
3
(p1 + p2)θ2 +
1
3
(ρ1 + p1)˙vau
avbu
b +
2
3
(ρ1 + p1)(uavˆ
a + u˙av
avbu
b
+uav˙
avbu
b + uava(ln ξ)ˆ + uav
avbu
b(ln ξ)˙) = β(p2 +
2
3
p1 −
1
3
ρ1 +
1
3
(ρ1 + p1)uav
aubv
b), (119)
2(ρ2 − p1)(ln ξ)˙− (ρ2 + p2)θ2 + (ρ1 + p1)× (v
auˆa + uav
aτ2 + 2u˙av
avbu
b + 2uavau
bvb(ln ξ)˙
+2uav˙
avbu
b) + (ρ1 + p1)˙u
avau
bvb + (ρ1 + p1)ˆv
aua = β(ρ2 − p1 + (ρ1 + p1)u
avau
bvb), (120)
(ρ1 + p1)˙(uaub + 2vcu
cu(avb) + vcu
cvdu
dvavb +
1
3
h2ab −
1
3
h2abvcu
cvdu
d) + 2(p1 + p2)σ2ab
+2(ρ1 + p1)[u˙(aub) + u˙cv
cv(aub) + u˙(avb)vcu
c + u˙cv
cvdu
dvavb −
1
3
h2abu˙cv
cvdu
d + ucu(av
c
;b)
+vcu
cudv
d
;(avb) + ucv˙
cv(aub) + ucv˙
cvdu
dvavb −
1
3
h2ab(ucvˆ
c + ucv˙
cvdu
d) + ucvcu(a(ln ξ),b)
+ucvc(ln ξ)˙u(avb) + vcu
cvdu
dv(a(ln ξ),b) + vcu
cvdu
d(ln ξ)˙vavb −
1
3
h2ab(vcu
c(ln ξ)ˆ + vcu
cvdu
d(ln ξ)˙)]
= β(ρ1 + p1)(uaub + 2vcu
cu(avb) +
1
3
h2ab + vcu
cvdu
dvavb −
1
3
h2abvcu
cvdu
d). (121)
We can write these equations by using the 1 + 3 decomposition of the tensor Pab given in Eqs. (49)–(52).
6.2 Spacelike Conformal Matter Collineations
The necessary and sufficient conditions for the timelike CMCs of the two perfect fluids are given for the following
two cases:
(i) ξa = ξxa, (ii) ξa = ξya.
Proposition 8: A two perfect fluid spacetime admits the CMC ξa = ξxa iff
(ρ1 − p2)
∗ + (ρ2 + p2)
∗vau
avbu
b + 2(ρ2 + p2)v
∗
au
avbu
b + 2(ρ1 − p2)u˙
axa − (ρ2 + p2)v˙
axavbu
b
= β[(ρ1 − p2) + (ρ2 + p2)vau
avbu
b], (122)
12
(p1 + p2)[x
∗
a + (ln ξ),a − (lnξ)
∗xa) = 0, (123)
(ρ2 + p2)
∗ − 2(p1 + p2)ε1 + 2(ρ1 + p1)u˙
axa + 4(ρ2 + p2)xcvˆ
c − (ρ2 + p2)
∗vau
avbu
b
−2(ρ2 + p2)v
∗
au
avbu
b + 2(ρ2 + p2)vau
av˙bxb = β(ρ2 − p2 − 2p1 − (ρ2 + p2)vau
avbu
b), (124)
(ρ2 + p2)(v
∗
cu
cva + 2v
∗
cu
cvdu
dua + ucv
cv∗a + xcv
c
;avdu
d + 2xcv˙
cvdu
dua + xcv˙
cva)
+2(ρ1 − p2)ω1afx
f + (p1 + p2)N1a = β(ρ2 + p2)(u
cvcva + u
cvcu
dvdua), (125)
(p2 + ρ2)
∗ + 4(p1 + p2)(ln ξ)
∗ + 2(ρ2 + p2)xavˆ
a − (ρ2 + p2)
∗vau
avbu
b + 2(p1 + p2)ε1
−2(ρ2 + p2)v
∗
au
avbu
b + 2(ρ2 + p2)vau
av˙bxb = β(p2 + ρ2 − (ρ2 + p2)vau
avbu
b), (126)
(ρ2 + p2)
∗(vavb + 2vcu
cv(aub) + vcu
cvdu
duaub +
1
2
H1ab −
1
2
H1abvcu
cvdu
d) + 2(p1 + p2)S1ab
+2(ρ2 + p2)(v
∗
(avb) + v
∗
cu
cv(aub) + v
∗
cu
cvdu
duaub + vcu
cv∗(aub) −H1abv
∗
cu
cvdu
dxcv˙
cv(aub)
−xcv˙
cvdu
duaub − xcv(av
c
;b) − vcu
cxdu(av
d
;b) +
1
2
H1ab(xcvˆ
c + xcv˙
cvdu
d) = β(ρ2 + p2)(vavb
+2vcu
cv(aub) + vcu
cvdu
duaub +
1
2
H1ab −
1
2
H1abvcu
cvdu
d), (127)
ρ˙1 + (ρ1 + p1)θ1 − (ρ2 + p2)(v
auˆa + vau
aτ2)− (ρ2 + p2)ˆvau
a − p˙2 = 0, (128)
p∗1 + p
∗
2 + (ρ1 + p1)u˙cx
c + (ρ2 + p2)vˆcx
c = 0, (129)
Hc1a[(ρ1 + p1)u˙c + (ρˆ2 + pˆ2 + (ρ2 + p2)τ2)vc + (ρ2 + p2)vˆc + h
b
1c(p1 + p2);b] = 0. (130)
These equations can be written in terms of the irreducible parts of Pab using the 1+ 1+2 decomposition of the
tensor Pab.
Proposition 9: A two perfect fluid spacetime admits the CMC ξa = ξya iff
(ρ2 − p1)
∗ + (ρ1 + p1)
∗vau
avbu
b + 2(ρ1 + p1)u
∗
av
avbu
b + 2(ρ2 − p1)v˙
aya − (ρ1 + p1)u˙
ayavbu
b
= β[(ρ2 − p1) + (ρ1 + p1)vau
avbu
b], (131)
(p1 + p2)[y
∗
a + (ln ξ),a − (lnξ)
∗ya) = 0, (132)
(ρ1 + p1)
∗ − 2(p1 + p2)ε2 + 2(ρ2 + p2)v˙
aya + 4(ρ1 + p1)yauˆ
a − (ρ1 + p1)
∗vau
avbu
b
−2(ρ1 + p1)u
∗
av
avbu
b + 2(ρ1 + p1)vau
au˙byb = β(ρ1 − p1 − 2p2 − (ρ1 + p1)vau
avbu
b), (133)
(ρ1 + p1)(u
∗
cv
cua + 2u
∗
cv
cvdu
dva + ucv
cu∗a + ycu
c
;avdu
d + 2ycu˙
cvdu
dva + ycu˙
cua)
+2(ρ2 − p1)ω2afy
f + (p1 + p2)N2a = β(ρ1 + p1)(u
cvcua + u
cvcu
dvdva), (134)
(p1 + ρ1)
∗ + 4(p1 + p2)(ln ξ)
∗ + 2(ρ1 + p1)yauˆ
a − (ρ1 + p1)
∗vau
avbu
b − 2(p1 + p2)ε2
−2(ρ1 + p1)u
∗
av
avbu
b + 2(ρ1 + p1)vau
au˙byb = β(p1 + ρ1 − (ρ1 + p1)vau
avbu
b), (135)
(ρ1 + p1)
∗(uaub + 2vcu
cv(aub) + vcu
cvdu
dvavb +
1
2
H2ab −
1
2
H2abvcu
cvdu
d) + 2(p1 + p2)S2ab
+2(ρ1 + p1)(u
∗
(aub) + u
∗
cv
cv(aub) + u
∗
cv
cvdu
dvavb + vcu
cu∗(avb) −H2abu
∗
cv
cvdu
d − vcu
cydv(au
d
;b)
−ycu˙
cv(aub) − ycu(au
c
;b) − ycu˙
cvdu
dvavb +
1
2
H2ab(ycuˆ
c + ycu˙
cvdu
d) = β(ρ1 + p1)(uaub + 2vcu
cv(aub)
+vcu
cvdu
dvavb +
1
2
H2ab −
1
2
H2abvcu
cvdu
d), (136)
ρ˙2 + (ρ2 + p2)θ2 − (ρ1 + p1)(u
avˆa + vau
aτ1)− (ρ1 + p1)ˆvau
a − p˙1 = 0, (137)
p∗1 + p
∗
2 + (ρ2 + p2)v˙cy
c + (ρ1 + p1)uˆcy
c = 0, (138)
Hc2a[(ρ2 + p2)v˙c + (ρˆ1 + pˆ1 + (ρ1 + p1)τ1)uc + (ρ1 + p1)uˆc + h
b
2c(p1 + p2);b] = 0. (139)
We can use the 1 + 1 + 2 decomposition of the tensor Pab given in Eqs. (68)–(75) to write these equations in
terms of the irreducible parts of Pab.
7 Outlook
This section contains a summary and discussion of the results obtained. We have studied two types of
collineations for the combination of the two perfect fluids. We have derived conditions for the existence of
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CRCs and CMCs. In terms of the kinematic quantities of the vector fields, these conditions are used to calcu-
late kinematical effects. Using the kinematic and the dynamic equations, we have obtained the set of equations
under the symmetry assumption. For the physical system, the full set of equations is the set of these equations
plus the Einstein field equations and any other equations for the extra fields or other geometrical identities. In
the case of timelike CRCs and CMCs, we have found five conditions for the two perfect fluids. In the case of
spacelike CRCs and CMCs, we have obtained nine conditions. In the following, we discuss some special cases
of the fluid spacetimes.
1. When either ρ1 = 0 = p1 or ρ2 = 0 = p2, the conditions of timelike CRC become
((ρ1 + 3p1 − 2Λ)ξu
a);a = −β(ρ1
−3p1 + 4Λ), (140)
(ρ1 + 3p1 − 2Λ)[u˙a − (ln ξ),a − θ1ua]
= 2β(ρ1 + Λ)ua, (141)
(ρ1 − p1 + 2Λ)σ1ab = 0. (142)
These are the same conditions as for the timelike CRC perfect fluid [17].
2. If p1 = 0 = p2, this reduces to the case of two dusts.
3. If we substitute ρ1 = p1 and ρ2 = p2 in the two fluids, the respective conditions reduce to the conditions of
stiff matter.
4. For ρ1 = 3p1, ρ2 = 3p2 we have the radiation case.
5. When ρ1 = −p1, ρ2 = −p2, it gives a dark energy component.
Similarly, we can classify spacelike CRCs.
If we take either ρ1 = 0 = p1 or ρ2 = 0 = p2, the conditions for the existence of timelike CMCs become
ρ˙1 + (ρ1 + p1)θ = 0, (143)
ρ1(u˙a − (ln ξ),a − ua(ln ξ)˙) = 0, (144)
3p˙1 + 2p1θ1 = 3βp1, (145)
2p1σ1ab = 0, (146)
2ρ1(ln ξ)˙− p1θ = βρ1. (147)
These are the conditions for a perfect fluid already available in the literature [14]. Similarly, we can write
down the conditions for the timelike and spacelike CMCs two dust, stiff matter, radiation, and dark energy
component. It is interesting to note that if we replace 12 (ρ1 + 3p1 − Λ) by ρ1,
1
2 (ρ2 + 3p2 − Λ) by ρ2 and
1
2 (ρ1 − p1 + Λ) by p1,
1
2 (ρ2 − p2 + Λ) by p2 and vice versa, then we can obtain the conditions of CMCs from
CRCs and vice versa. Also, it is important to note that the results obtained in the case (i) for the two perfect
fluids (in terms of ua and xa) can be modified for the case (ii) by substituting va and ya instead of ua and xa.
It is worth mentioning that when α = 0, the conditions for the existence of CRCs and CMCs in all the cases of
the two perfect fluids reduce to the conditions for the existence of RCs and MCs, respectively [14, 17].
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